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Abstract

In the context of multi-agent systems, the rational veri�cation problem is concerned

with checking which temporal logic properties will hold in a system when its con-

stituent agents are assumed to behave rationally and strategically in pursuit of indi-

vidual objectives. Typically, those objectives are expressed as temporal logic formu-

lae which the relevant agent desires to see satis�ed. Unfortunately, rational veri�-

cation is computationally complex, and requires specialised techniques in order to

obtain practically useful implementations. In this paper, we present such a tech-

nique. �is technique relies on a reduction of the rational veri�cation problem to

the solution of a collection of parity games. One key aspect of our approach is that

it preserves equilibria across bisimilar systems, which other existing approaches to

rational veri�cation do not. Our approach has been implemented in the Equilibrium

Veri�cation Environment (EVE) system. �e EVE system takes as input a model of a

concurrent/multi-agent system represented using the Simple Reactive Modules Lan-

guage (SRML), where agent goals are expressed using Linear Temporal Logic (LTL),

together with a claim about the equilibrium behaviour of the system, also expressed as

an LTL formula. EVE can then check whether the LTL claim holds on some (or every)

computation of the system that could arise through agents choosing Nash equilibrium

strategies; it can also check whether a system has a Nash equilibrium, and synthesise

∗Corresponding author: Julian Gutierrez.
Email addresses: julian.gutierrez@cs.ox.ac.uk (Julian Gutierrez),

mnajib@cs.ox.ac.uk (Muhammad Najib), giuseppe.perelli@leicester.ac.uk
(Giuseppe Perelli), michael.wooldridge@cs.ox.ac.uk (Michael Wooldridge)

Preprint submi�ed to XXX May 13, 2019



individual strategies for players in the multi-player game. A�er presenting our ba-

sic framework, we describe our new technique and prove its correctness. We then

describe our implementation in the EVE system, and present experimental results

which show that EVE performs favourably in comparison to other existing tools that

support rational veri�cation.

Keywords: Automated synthesis, Bisimulation invariance, Nash equilibrium,

Logic-based multi-player games, Temporal logic and rational veri�cation.

1. Introduction1

Concurrent and multi-agent systems can be naturally understood and modelled2

as multi-player games [1, 2]. In this framework, concurrent/multi-agent systems cor-3

respond to games, system components (agents) correspond to players, computation4

runs of the system correspond to plays of the game, and individual component be-5

haviours correspond to player strategies, which de�ne how players make choices in6

the system over time. Game theory provides a number of solution concepts through7

which to analyse such systems, of which Nash equilibrium [3] stands out as the most8

fundamental and important in noncooperative se�ings. A pro�le of strategies, one9

for each player in a game, is said to be a Nash equilibrium if no player could bene�t10

by unilaterally changing its strategy assuming the other players’ strategies remain11

unchanged. Previous work on the game theoretic analysis of concurrent/multi-agent12

systems has taken Nash equilibrium, and re�nements of it, as the central solution13

concept. Our main interest is the development of the theory and tools for the auto-14

mated game theoretic analysis of concurrent/multi-agent systems, and in particular,15

the analysis of temporal logic properties that will hold in a system under the assump-16

tion that players choose strategies which form a Nash equilibrium1.17

Rational Veri�cation and Synthesis. In more detail, the two main problems of interest18

to us are the rational veri�cation and automated synthesis problems for concurrent/multi-19

1In this work we focus on Nash equilibrium; however, a similar methodology may be applied using

re�nements of Nash equilibrium and other solution concepts.
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agent systems modelled as multi-player games. In the rational veri�cation problem,20

we desire to check which temporal logic properties are satis�ed by the system/game in21

equilibrium, that is, assuming players select strategies that form a Nash equilibrium.22

A li�le more formally, let P1, . . . , Pn be the agents in our concurrent/multi-agent23

system, and let NE(P1, . . . , Pn) denote the set of all computation runs of the system24

that could be generated by agents selecting strategies that form a Nash equilibrium.25

Finally, let ϕ be a temporal logic formula. �en, in the rational veri�cation problem,26

we want to know whether for some/every run π ∈ NE(P1, . . . , Pn) we have π |= ϕ.27

In the automated synthesis problem, on the other hand, we additionally desire to28

construct a pro�le of strategies for players so that the resulting pro�le is an equilib-29

rium of the game, and induces a computation run that satis�es a given property of30

interest, again expressed as a temporal logic formula. �at is, we are given the system31

P1, . . . , Pn, and a temporal logic property ϕ, and we are asked to compute Nash equi-32

librium strategies ~σ = (σ1, . . . , σn), one for each player in the game, that would result33

in ϕ being satis�ed in the run π(~σ) that would be generated when these strategies are34

enacted.35

�e Role of Bisimilarity. One crucial aspect of rational veri�cation and synthesis is the36

role of bisimilarity [4, 5, 6, 7]. Bisimulation is the most important type of behavioural37

equivalence relation considered in computer science, and in particular two bisimilar38

systems will satisfy the same temporal logic properties. In our se�ing, it is highly39

desirable that properties which hold in equilibrium are sustained across all bisimilar40

systems to P1, . . . , Pn. �at is, that for every (temporal logic) property ϕ and every41

computer process P ′i modelled as an agent in a multi-player game, if P ′i is bisimilar to42

Pi ∈ {P1, . . . , Pn}, then ϕ is satis�ed in equilibrium by P1, . . . , Pi, . . . Pn if and only43

if is also satis�ed in equilibrium by P1, . . . , P
′
i , . . . , Pn, the system in which Pi is re-44

placed by P ′i , that is, across all bisimilar systems to P1, . . . , Pn. �is property is called45

invariance under bisimilarity and has been widely used for decades for the semantic46

analysis (e.g., for modular and compositional reasoning) and formal veri�cation (e.g.,47

for temporal logic model checking) of concurrent and distributed systems. Unfortu-48

nately, as shown in [8, 9], the satisfaction of temporal logic properties in equilibrium49
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is not invariant under bisimilarity, thus posing a challenge for the modular and com-50

positional reasoning of concurrent systems, since individual system components in a51

concurrent system cannot be replaced by (behaviourally equivalent) bisimilar ones,52

while preserving the temporal logic properties that the overall multi-agent system53

satis�es in equilibrium. �is is also a problem from a synthesis point of view. In-54

deed, a strategy for a system component Pi may not be a valid strategy for a bisimilar55

system component P ′i . As a consequence, the problem of building strategies for indi-56

vidual processes in the concurrent system P1, . . . , Pi, . . . Pn may not, in general, be57

the same as building strategies for a bisimilar system P1, . . . , P
′
i , . . . Pn, again, deter-58

ring any hope of being able to do modular reasoning on concurrent and multi-agent59

systems.60

�ese problems were �rst identi�ed in [8] and further studied in [9]. However,61

no algorithmic solutions to these two problems were presented in either [8] or [9].62

Instead, the focus in [8, 9] was on classifying classes of games and investigating mod-63

els of strategies where di�erent kinds of properties (not necessarily temporal logic64

properties) could be preserved in equilibrium by bisimilarity.65

Our Approach. In this paper, we present an approach to the rational veri�cation and66

automated synthesis problems for concurrent and multi-agent systems, using a model67

of strategies that is bisimulation invariant—that is, in which individual strategies for68

system components are valid across all bisimilar systems, and which satisfy the same69

temporal logic properties in equilibrium. In particular, we develop a novel technique70

that can be used for both rational veri�cation and automated synthesis using a reduc-71

tion to the solution of a collection of parity games. �e technique avoids any complex72

automata constructions and as a consequence can be e�ciently implemented mak-73

ing use of powerful techniques for parity games and temporal logic synthesis and74

veri�cation.75

�e main decision problem that we consider is that of Non-Emptiness, the prob-76

lem of checking if the set of Nash equilibria in a multi-player game is empty. As we77

will later show, rational veri�cation and synthesis can be reduced to this problem. If78

we consider concurrent and multi-player games in which players have goals expressed79
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as temporal logic formulae, this problem is known to be 2EXPTIME-complete for a80

wide range of system representations and temporal logic languages. For instance, for81

games with perfect information played on labelled graphs, the problem is 2EXPTIME-82

complete when goals are given as Linear Temporal Logic (LTL) formulae [10], and83

2EXPTIME-hard when goals are given in branching-time temporal logic [11]. �e84

problem is 2EXPTIME-complete even if succinct representations [12, 13] or only two-85

player games [14] are considered, and becomes undecidable if imperfect information86

and more than two players are allowed [15], showing the very high complexity of87

solving this problem, from both practical and theoretical viewpoints.88

A common feature of the results above mentioned is that—modulo minor variations—89

their solutions are, in the end, reduced to the construction of an alternating parity au-90

tomaton over in�nite trees (APT [16]) which is then checked for non-emptiness. Here,91

we present a novel, simpler, and more direct technique for checking the existence of92

Nash equilibria in games where players have goals expressed in LTL. In particular,93

our technique does not rely on the solution of an APT. Instead, we reduce the prob-94

lem to the solution of (a collection of) parity games [17], which are widely used for95

synthesis and veri�cation.96

Formally, a parity game is a two-player zero-sum turn-based game given by a97

labelled �nite graph H = (V0, V1, E, α) such that V = V0 ∪ V1 is a set of states98

partitioned into Player 0 (V0) and Player 1 (V1) states, respectively, E ⊆ V × V99

is a set of edges/transitions, and α : V → N is a labelling priority function. It is100

known that solving a parity game (checking which player has a winning strategy) is101

an NP ∩ coNP problem [18], polynomial in the number of states and transitions, and102

exponential in the number of priorities [19]. Despite more than 30 years of research,103

and extremely promising practical performance, it is still unknown whether parity104

games can be solved in polynomial time.105

Our technique uses parity games in the following way. We take as input a gameG106

(representing a concurrent and multi-agent system) and build a parity gameH whose107

sets of states and transitions are doubly exponential in the size of the input but with108

priority function only exponential in the size of the input game. Using a deterministic109

Stree� automaton on in�nite words (DSW [20]), we solve the parity game, leading110
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to a decision procedure that is, overall, in 2EXPTIME, and, therefore, given known111

hardness results, optimal.112

�e EVE System. �e technique outlined above and described in detail in this pa-113

per has been successfully implemented in the Equilibrium Veri�cation Environment114

(EVE) system [21]. EVE takes as input a model of a concurrent/multi-agent system, in115

which agents are speci�ed using the Simple Reactive Modules Language (SRML) [22,116

2], and preferences for agents are de�ned by associating with each agent a goal, rep-117

resented as a formula of LTL [23].118

Now, given a speci�cation of a multi-agent system and player preferences, the EVE119

system can: (i) check for the existence of a Nash equilibrium in a multi-player game;120

(ii) check whether a given LTL formula is satis�ed on some or every Nash equilibrium121

of the system; and (iii) synthesise individual player strategies in the game. As we will122

show in the paper, EVE performs favourably compared with other existing tools that123

support rational veri�cation. Moreover, EVE is the �rst and only tool for automated124

temporal equilibrium analysis with respect to a model of multi-player games where125

Nash equilibrium is preserved under bisimilarity, in the way that we describe above.2126

Note that we believe our choice of the Reactive Modules language is a very natural127

one [24]: �e language is both widely used in practical model checking systems, such128

as MOCHA [25] and PRISM [26], and close to real-world (declarative) programming129

models and speci�cation languages.130

Structure of the paper. �e remainder of this article is structured as follows.131

• Section 2 presents the relevant background on games, logic, and automata.132

• In Section 3, we formalise the main problem of interest and give a high-level133

description of the core decision procedure for temporal equilibrium analysis134

developed in this paper.135

2Other tools to compute Nash equilibria exist, but they do not use our model of strategies, with which

Nash equilibria is preserved by bisimilarity. A comparison with those other techniques for equilibrium

analysis are discussed in more detail later.

6



• In Sections 4, 5, and 6, we describe in detail our main decision procedure for136

temporal equilibrium analysis, prove its correctness, and show that it is essen-137

tially optimal with respect to computational complexity.138

• In Section 7, we show how to use our main decision procedure to do formal139

veri�cation and automated synthesis of logic-based multi-player games.140

• In Section 8, we describe the EVE system, and give detailed experimental results141

which demonstrate that EVE performs favourably in comparison with other142

tools that support rational veri�cation.143

• In Section 9, we conclude, discuss relevant related work, and propose some144

avenues for future work.145

Note that source code for EVE is available online3, and EVE can also be used as a web146

service.4147

2. Preliminaries148

Games. A concurrent multi-player game structure (CMGS) is a tuple

M = (N, (Aci)i∈N,St, s0, tr)

where N = {1, . . . , n} is a set of players, each Aci is a set of actions, St is a set of149

states, with a designated initial state s0, and tr : St × ~Ac → St is a (deterministic)150

transition function where ~Ac = Ac1 × · · · × Acn denotes the action pro�le set. We151

refer to a pro�le of actions ~a = (a1, . . . , an) ∈ ~Ac as a direction, with directions152

typically denoted by d, d′, . . . etc. We also consider partial directions. For a given set153

of players A ⊆ N and an action pro�le ~a, we let ~aA and ~a−A be two tuples of actions,154

respectively, one for each player in A and one for each player in N \A. We also write155

~ai for~a{i} and~a−i for~aN\{i}. Finally, for two directions~a and~a′, we write (~aA,~a
′
−A)156

3https://github.com/eve-mas/eve-parity
4See http://eve.cs.ox.ac.uk/, where both instructions and examples to use the tool and the

web service can be found.
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to denote the direction where the actions for players in A are taken from ~a and the157

actions for players in N \A are taken from ~a′.158

Whenever there is ~a such that tr(s,~a) = s′, we say that s′ is accessible from s. A159

path π = s0, s1, . . . ∈ Stω is an in�nite sequence of states such that, for every k ∈ N,160

sk+1 is accessible from sk . By πk we refer to the (k + 1)-th state in π and by π≤k to161

the (�nite) pre�x of π up to the (k+ 1)-th element. An action pro�le run is an in�nite162

sequence η = ~a0,~a1, . . . of action pro�les. Note that, sinceM is deterministic (i.e.,163

the transition function tr is deterministic), for a given state s0, an action pro�le run164

uniquely determines the path π in which, for every k ∈ N, πk+1 = tr(πk,~ak).165

A multi-player game structure de�nes the dynamic structure of a game, but lacks166

a central aspect of games in the sense of game theory: preferences, which give games167

their strategic structure. A multi-player game is obtained from a structure M by168

associating each player with a goal. In this paper, we consider multi-player games169

with parity and Linear Temporal Logic (LTL) goals.170

LTL [23] extends classical propositional logic with two operators, X (“next”) and

U (“until”), that can be used to express properties of paths. �e syntax of LTL is

de�ned with respect to a set AP of propositional variables as follows:

ϕ ::= > | p | ¬ϕ | ϕ ∨ ϕ | Xϕ | ϕUϕ

where p ∈ AP.171

We interpret formulae of LTL with respect to pairs (π, t), where π is a path over

some multi-player game, t ∈ N is a temporal index into π, and λ : St → 2AP is a

labelling function, that indicates which propositional variables are true in every state.

Formally, the semantics of LTL is given by the following rules:

(π, t) |= >
(π, t) |= p i� p ∈ λ(πt)

(π, t) |= ¬ϕ i� it is not the case that (π, t) |= ϕ

(π, t) |= ϕ ∨ ψ i� (π, t) |= ϕ or (π, t) |= ψ

(π, t) |= Xϕ i� (π, t+ 1) |= ϕ

(π, t) |= ϕUψ i� for some t′ ≥ t :
(
(π, t′) |= ψ and

for all t ≤ t′′ < t′ : (π, t′′) |= ϕ
)
.
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If (π, 0) |= ϕ, we write π |= ϕ and say that π satis�es ϕ.172

De�nition 1. A (concurrent multi-player) LTL game is a tuple

GLTL = (M, λ, (γi)i∈N)

where λ : St → 2AP is a labelling function on the set of states St ofM, and each γi173

is the goal of player i, given as an LTL formula over AP.174

To de�ne multi-player games with parity goals we consider priority functions.175

Let α : St → N be a priority function. A path π satis�es α : St → N, and write176

π |= α in that case, if the minimum number occurring in�nitely o�en in the in�nite177

sequence α(π0), α(π1), α(π2), . . . is even.178

De�nition 2. A (concurrent multi-player) Parity game is a tuple

GPAR = (M, (αi)i∈N)

where αi : St→ N is the goal of player i, given as a priority function over St.179

Herea�er, for statements regarding either LTL or Parity games, we will simply180

denote the underlying structure as G. Games are played by each player i selecting181

a strategy σi that will de�ne how to make choices over time. Formally, for a given182

game G, a strategy σi = (Si, s
0
i , δi, τi) for player i is a �nite state machine with183

output (a transducer), where Si is a �nite and non-empty set of internal states, s0i is184

the initial state, δi : Si × ~Ac → Si is a deterministic internal transition function,185

and τi : Si → Aci an action function. Let Σi be the set of strategies for player i.186

A strategy is memoryless in G from s if Si = St, s0i = s, and δi = tr. Once every187

player i has selected a strategy σi, a strategy pro�le ~σ = (σ1, . . . , σn) results and the188

game has an outcome, a path inM, which we will denote by π(~σ). Because strategies189

are deterministic, π(~σ) is the unique path induced by ~σ, that is, the in�nite sequence190

s0, s1, s2, . . . such that191

• sk+1 = tr(sk, τ1(sk1)× · · · × τn(skn)), and192

• sk+1
i = δi(s

k
i , τ1(sk1)× · · · × τn(skn)), for all k ≥ 0.193
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Nash equilibrium. Since the outcome of a game determines if a player goal is sat-

is�ed, we can de�ne a preference relation �i over outcomes for each player i. Let wi
be γi if G is an LTL game, and be αi if G is a Parity game. �en, for two strategy

pro�les ~σ and ~σ′ in G, we have

π(~σ) �i π(~σ′) if and only if π(~σ′) |= wi implies π(~σ) |= wi.

On this basis, we can de�ne the concept of Nash equilibrium [3] for a multi-player

game with LTL or parity goals: given a game G, a strategy pro�le ~σ is a Nash equilib-

rium of G if, for every player i and strategy σ′i ∈ Σi, we have

π(~σ) �i π((~σ−i, σ
′
i))

where (~σ−i, σ′i) denotes (σ1, . . . , σi−1, σ′i, σi+1, . . . , σn), the strategy pro�le where194

the strategy of player i in ~σ is replaced by σ′i. Let NE(G) denote the set of Nash195

equilibria of G. In [9] we showed that, using the model of strategies de�ned above, the196

existence of Nash equilibria is preserved across bisimilar systems. �is is in contrast197

to other models of strategies considered in the concurrent games literature, which do198

not preserve Nash equilibria. Because of this, herea�er, we say that {Σi}i∈N is a set of199

bisimulation-invariant strategies and that NE(G) is the set of bisimulation-invariant200

Nash equilibrium pro�les of G.201

Automata. A deterministic automaton on in�nite words is a tuple

A = (AP, Q, q0, ρ,F)

where Q is a �nite set of states, ρ : Q × AP → Q is a transition function, q0 is

an initial state, and F is an acceptance condition. We mainly use parity and Stree�

acceptance conditions. A parity condition F is a partition {F1, . . . , Fn} of Q, where

n is the index of the parity condition and any [1, n] 3 k is a priority. We use a priority

function α : Q → N that maps states to priorities such that α(q) = k if and only

if q ∈ Fk . For a run π = q0, q1, q2 . . . , let inf (π) denote the set of states occurring

in�nitely o�en in the run:

inf (π) = {q ∈ Q | q = qi for in�nitely many i’s}
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A run π is accepted by a deterministic parity word (DPW) automaton with condition

F if the minimum priority that occurs in�nitely o�en is even, i.e., if the following

condition is satis�ed:
(

min
k∈[1,n]

(inf (π) ∩ Fk 6= ∅)

)
mod 2 = 0.

A Stree� condition F is a set of pairs {(E1, C1), . . . , (En, Cn)} where Ek ⊆ Q and202

Ck ⊆ Q for all k ∈ [1, n]. A run π is accepted by a deterministic Stree� word (DSW)203

automaton S with condition F if π either visits Ek �nitely many times or visits Ck204

in�nitely o�en, i.e., if for every k either inf (π) ∩ Ek = ∅ or inf (π) ∩ Ck 6= ∅.205

3. A Decision Procedure using Parity Games206

We are now in a position to state the problem Non-Emptiness formally:207

Given: An LTL Game GLTL.208

�estion: Is it the case that NE(GLTL) 6= ∅?209

As indicated before, we solve both veri�cation and synthesis through a reduction210

to the above problem. �e technique we develop consists of three steps. First, we211

build a Parity game GPAR from an input LTL game GLTL. �en—using a characteri-212

sation of Nash equilibrium (presented later) that separates players in the game into213

those that achieve their goals in a Nash equilibrium (the “winners”,W ) and those that214

do not achieve their goals (the “losers”, L)—for each set of players in the game, we215

eliminate nodes and paths in GPAR which cannot be a part of a Nash equilibrium, thus216

producing a modi�ed Parity game, G−LPAR. Finally, in the third step, we use Stree� au-217

tomata on in�nite words to check if the obtained Parity game witnesses the existence218

of a Nash equilibrium. �e overall algorithm is presented in Algorithm 1 which also219

includes some comments pointing to the relevant Sections/�eorems. �e �rst step220

is contained in line 3, while the third step is in lines 12–14. �e rest of the algorithm221

is concerned with the second step. In the sections that follow, we will describe each222

step of the algorithm and, in particular, what are and how to compute Punj(GPAR)223

and G−LPAR, two key constructions used in our decision procedure.224
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Algorithm 1: Nash equilibrium via Parity games

1 Input: An LTL game GLTL = (N, (Aci)i∈N,St, s0, tr, λ, (γi)i∈N).

2 Output: “Yes” if NE(GLTL) 6= ∅; “No” otherwise.

3 GPAR ⇐= GLTL ; /* from Section 4 (Theorem 1) */

4 foreachW ⊆ N do

5 foreach j ∈ L = N \W do

6 Compute Punj(GPAR) ; /* from Section 5 (Theorem 2) */

7 end

8 Compute G−LPAR

9 foreach i ∈W do

10 Compute Ai and Si from G−LPAR

11 end

12 if L(×i∈W (Si)) 6= ∅ ; /* from Section 5 (Theorem 3) */

13 then

14 return “Yes”

15 end

16 end

17 return “No”
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Complexity. �e procedure presented above runs in doubly exponential time, match-225

ing the optimal upper bound of the problem. In the �rst step we obtain a doubly ex-226

ponential blowup. �e underlying structure M of the obtained Parity game GPAR227

is doubly exponential in the size of the goals of the input LTL game GLTL, but the228

priority functions set (αi)i∈N is only (singly) exponential. �en, in the second step,229

reasoning takes only polynomial time in the size of the underlying concurrent game230

structure of GPAR, but exponential time in both the number of players and the size of231

the priority functions set. Finally, the third step takes only polynomial time, leading232

to an overall 2EXPTIME complexity.233

4. From LTL to Parity234

We now describe how to realise line 3 of Algorithm 1, and in doing so we prove a235

strong correspondence between the set of Nash equilibria of the input LTL game GLTL236

and the set of Nash equilibria of its associated Parity game GPAR. �is result allows237

us to shi� reasoning on the set of Nash equilibria of GLTL into reasoning on the set238

of Nash equilibria of GPAR. �e basic idea behind this step of the decision proce-239

dure is to transform all LTL goals (γi)i∈N in GLTL into a collection of DPWs, de-240

noted by (Aγi)i∈N, that will be used to build the underlying CMGS of GPAR. We241

construct GPAR as follows.242

In general, using the results in [27, 28], from any LTL formula ϕ over AP one can243

build a DPW Aϕ = 〈2AP, Q, q0, ρ, α〉 such that, L(Aϕ) = {π ∈ (2AP)ω : π |= ϕ},244

that is, the language accepted by Aϕ is exactly the set of words over 2AP that are245

models of ϕ. �e size of Q is doubly exponential in |AP| and the size of the range246

of α is singly exponential in |AP|. Using this construction we can de�ne, for each247

LTL goal γi, a DPW Aγi .248

De�nition 3. Let GLTL = (M, λ, (γi)i∈N) be an LTL game whose underlying CMGS249

is M = (N, (Aci)i∈N,St, s0, tr), and let Aγi = 〈2AP, Qi, q
0
i , ρi, αi〉 be the DPW250

corresponding to player i’s goal γi in GLTL. �e Parity game GPAR associated to GLTL is251

GPAR = (M′, (α′i)i∈N), whereM′ = (N, (Aci)i∈N,St′, s′0, tr
′
) and (α′i)i∈N are as252

follows:253
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• St′ = St××i∈NQi and s′0 = (s0, q
0
1 , . . . , q

0
n);254

• for each state (s, q1, . . . , qn) ∈ St′ and action pro�le ~a,255

tr′((s, q1, . . . , qn),~a) = (tr(s,~a), ρ1(q1, λ(s)), . . . , ρn(qn, λ(s));256

• α′i(s, q1, . . . qn) = αi(qi).257

Intuitively, the game GPAR is the product of the LTL game GLTL and the collec-258

tion of parity (word) automata Aγi that recognise the models of each player’s goal.259

Informally, the game executes in parallel the original LTL game together with the au-260

tomata built on top of the LTL goals. At every step of the game, the �rst component261

of the product state follows the transition function of the original game GLTL, while262

the “automata” components are updated according to the labelling of the current state263

of GLTL. As a result, the execution in GPAR is made, component by component, by the264

original execution, say π, in the LTL game GLTL, paired with the unique runs of the265

DPWs Aγi generated when reading the word λ(π).266

Observe that in the translation from GLTL to its associated GPAR the set of actions267

for each player is unchanged. �is, in turn, means that the set of strategies in both268

GLTL and GPAR is the same, since for every state s ∈ St and action pro�le ~a, it follows269

that ~a is available in s if and only if it is available in (s, q1, . . . , qn) ∈ St′, for all270

(q1, . . . , qn) ∈×i∈NQi. Using this correspondence between strategies in GLTL and271

strategies in GPAR, we can prove the following Lemma, which states an invariance272

result between GLTL and GPAR with respect to the satisfaction of players’ goals.273

Lemma 1 (Goals satisfaction invariance). Let GLTL be an LTL game and GPAR its274

associated Parity game. �en, for every strategy pro�le ~σ and player i, it is the case that275

π(~σ) |= γi in GLTL if and only if π(~σ) |= αi in GPAR.276

Proof. We prove the statement by double implication. To show the le� to right im-277

plication, assume that π(~σ) |= γi in GLTL, for any player i ∈ N, and let π denote the278

in�nite path generated by ~σ in GLTL; thus, we have that λ(π) |= γi. On the other279

hand, let π′ denote the in�nite path generated in GPAR by the same strategy pro�le ~σ.280

Observe that the �rst component of π′ is exactly π. Moreover, consider the (i+ 1)-th281

component ρi of π′. By the de�nition of GPAR, it holds that ρi is the run executed282
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by the automaton Aγi when the word λ(π) is read. By the de�nition of the labelling283

function of GPAR, it holds that the parity of π′ according to α′i corresponds to the one284

recognised by Aγi in ρi. �us, since we know that λ(π) |= γi, it follows that ρi is285

accepting in Aγi and therefore π′ |= αi, which implies that π(~σ) |= αi in GPAR. For286

the other direction, observe that all implications used above are equivalences. Using287

those equivalences one can reason backwards to prove the statement.288

Using Lemma 1 we can then show that the set of Nash Equilibria for any LTL289

game exactly corresponds to the set of Nash equilibria of its associated Parity game.290

Formally, we have the following invariance result between games.291

�eorem 1 (Nash equilibrium invariance). Let GLTL be an LTL game and GPAR its292

associated Parity game. �en, NE(GLTL) = NE(GPAR).293

Proof. �e proof proceeds by double inclusion. First, assume that a strategy pro-294

�le ~σ ∈ NE(GLTL) is a Nash Equilibrium in GLTL and, by contradiction, it is not a Nash295

Equilibrium in GPAR. Observe that, due to Lemma 1, we known that the set of players296

that get their goals satis�ed by π(~σ) in GLTL (the “winners”,W ) is the same set of play-297

ers that get their goals satis�ed by π(~σ) in GPAR. �en, there is player j ∈ L = N\W298

and a strategy σ′j such that π((~σ−j , σ′j)) |= αj in GPAR. �en, due to Lemma 1, we299

have that π((~σ−j , σ′j)) |= γj in GLTL and so σ′j would be a bene�cial deviation for300

player j in GLTL too—a contradiction. On the other hand, for every ~σ ∈ NE(GPAR),301

we can reason in a symmetric way and conclude that ~σ ∈ NE(GLTL).302

5. Characterising Nash Equilibria303

�anks to �eorem 1, we can focus our a�ention on Parity games, since a tech-304

nique for solving such games will also provide a technique for solving their associated305

LTL games. To do this we characterise the set of Nash equilibria in the Parity game306

construction GPAR in our algorithm. �e existence of Nash Equilibria in LTL games307

can be characterised in terms of punishment strategies and memoryful reasoning [8].308

We will show that a similar characterisation holds here in a parity games framework,309

where only memoryless reasoning is required. To do this, we �rst introduce the notion310
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of punishment strategies and regions formally, as well as some useful de�nitions and311

notations. In what follows, given a (memoryless) strategy pro�le ~σ = (σ1, . . . , σn)312

de�ned on a state s ∈ St of a Parity game GPAR, that is, such that s0i = s for every313

i ∈ N, we write GPAR, ~σ, s |= αi if π(~σ) |= αi in GPAR. Moreover, if s = s0 is the314

initial state of the game, we omit it and simply write GPAR, ~σ |= αi in such a case.315

De�nition 4 (Punishment strategies and regions). For a Parity game GPAR and a316

player i ∈ N, we say that ~σ−i is a punishment strategy pro�le against i in a state s317

if, for all strategies σ′i ∈ Σi, it is the case that GPAR, (~σ−i, σ′i), s 6|= αi. A state318

s is punishing for i if there exists a punishment strategy pro�le against i in s. By319

Puni(GPAR) we denote the set of punishing states, the punishment region, for i in320

GPAR.321

To understand the meaning of a punishment strategy pro�le, it is useful to think322

of a modi�cation of the game GPAR, in which player i still has its goal αi, while the323

rest of the players are collectively playing in an adversarial mode, i.e., trying to make324

sure that i does not achieve αi. �is scenario is represented by a two-player zero-325

sum game in which the winning strategies of the (coalition) player, denoted by −i,326

correspond (one-to-one) to the punishment strategies in the original game GPAR. As327

described in [8], knowing the set of punishment strategy pro�les in a given game is328

important to compute its set of Nash Equilibria. For this reason, it is useful to compute329

the set Puni(GPAR), that is, the set of states in the game from which a given player i330

can be punished. (e.g., to deter undesirable unilateral player deviations). To do this,331

we reduce the problem to computing a winning strategy in a turn-based two-player332

zero-sum parity game, whose de�nition is as follows.333

De�nition 5. For a (concurrent multi-player) Parity game

GPAR = (N,St, (Aci)i∈N, s0, tr, (αi)i∈N)

and player i ∈ N, the sequentialisation of GPAR with respect to player i is the (turn-334

based two-player) parity game GiPAR =〈V0, V1,E , α〉 where335

• V0 = St and V1 = St× ~Ac−i;336
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s1 s2(~a−i, ai) s1 (s1,~a−i) s2

Figure 1: Sequentialisation of a game. On the le�, a representation of a transition from s1 to s2 using

action pro�le (~a−i, ai). On the right, the two states s1 and s2 are assigned to Player 0 in the parity game,

which are interleaved with a state of Player 1 corresponding to the choice of ~a−i by coalition −i in the

original game.

• E = St× (St× ~Ac−i) ∪ {((s,~a−i), s′) ∈ (St× ~Ac−i)× St :337

∃a′i ∈ Aci. s
′ = tr(s, (~a−i), a′i)};338

• α : V0 ∪ V1 → N is such that339

α(s) = αi(s) + 1 and α(s,~a−i) = αi(s) + 1.340

�e formal connection between the notion of punishment in GPAR and the set341

of winning strategies in GiPAR is established in the following theorem, where by342

Win(GjPAR) we denote the winning region of Player 0 in GjPAR, that is, the states343

from which Player 0, representing the set of players −j = N \ {j} (the coalition of344

players not including j), has a memoryless winning strategy against player j in the345

two-player zero-sum parity game GjPAR.346

�eorem 2. For all states s ∈ St, it is the case that s ∈ Punj(GPAR) if and only if347

s ∈Win(GjPAR). In other words, it holds that Punj(GPAR) = Win(GjPAR) ∩ St.348

Proof. �e proof goes by double inclusion. From le� to right, assume s ∈ Punj(GPAR)

and let ~σ−j be a punishment strategy pro�le against player j in s, i.e., such that

GPAR, (~σ−j , σ′j) 6|= αj , for every strategy σ′j ∈ Σj of player j. We now de�ne a

strategy σ0 for player 0 in GjPAR that is winning in s. In order to do this, �rst observe

that, for every �nite path π′≤k ∈ V ∗ · V0 in GjPAR starting from s, there is a unique

�nite sequence of action pro�les ~a0−j , . . . ,~ak−j and a sequence π≤k = s0, . . . , sk+1 of

states in St∗ such that

π′≤k = s0, (s0,~a0−j), . . . , s
k, (sk,~ak−j), . . . , s

k+1 .

Now, for every path π′≤k of this form that is consistent with ~σ−j , i.e., the sequence349

~a0−j , . . . ,~a
k−1
−j is generated by ~σ−j , de�ne σ0(π′≤k) = (sk+1,~ak+1

−j ), where ~ak+1
−j is350
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the action pro�le selected by ~σ−j . To prove that σ0 is winning, consider a strategy351

σ1 for Player 1 and the in�nite path π′ = π((σ0, σ1)) generated by (σ0, σ1). It is352

not hard to see that the sequence π′odd of odd positions in π′ belongs to a path π in353

GPAR and it is compatible with ~σ−j . �us, since ~σ−j is a punishment strategy, π′odd354

does not satisfy αj . Moreover, observe that the parity of the sequence π′even of even355

positions equals that of π′odd. �us, we have that Inf(λ′(π′)) + 1 = Inf(λ′(π′odd)) +356

1 ∪ Inf(λ′(π′even)) + 1 = Inf(λ(π)) and so π′ is winning for player 0 in GjPAR and σ0357

is a winning strategy.358

From right to le�, let s ∈ St ∩ Win(GjPAR) and let σ0 be a winning strat-359

egy for Player 0 in GjPAR, and assume σ0 is memoryless. Now, for every player i,360

with i 6= j, de�ne the memoryless strategy σi in GPAR such that, for every s′ ∈ St,361

if σ0(s′) = (s′,~a−j), then σi(s′) = (~a−j)i 5, i.e., the action that player i takes in362

σ0 at s′. Now, consider the (memoryless) strategy pro�le ~σ−j given by the com-363

position of all strategies σi, and consider a play π in GPAR, starting from s, that364

is compatible with ~σ−j . �us, there exists a play π′ in GiPAR, compatible with σ0,365

such that π = π′odd. Moreover, since π′odd = π′even, we have that Inf(λ′(π′)) =366

Inf(λ′(π′odd)) ∪ Inf(λ′(π′even)) = Inf(λ(π))− 1. Since π′ is winning for Player 0, we367

know that π 6|= αj and so ~σ−j is a punishment strategy against Player j in s.368

De�nition 5 and �eorem 2 not only make a bridge from the notion of punishment369

strategy to the notion of winning strategy for two-player zero-sum games, but also370

provide a way to understand how to compute punishment regions as well as how to371

synthesise an actual punishment strategy in multi-player parity games. In this way,372

by computing winning regions and winning strategies in these games we can solve373

the synthesis problem for individual players in the original game with LTL goals, one374

of the problems we are interested in.375

Corollary 1. Computing Puni(GPAR) can be done in polynomial time with respect376

to the size of the underlying graph of the game GPAR and exponential in the size of the377

priority functionαi, that is, to the size of the range ofαi. Moreover, there is a memoryless378

5By an abuse of notation, we let σi(s′) be the value of τi(s′).
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s0 s1 . . . sk sk+1

s′

. . .

. . .

~a0 ~a1 ~ak−1 ~ak

((~ak)−j , a′j)

σ
punj
i

~ak+1

Figure 2: Representation of the strategy σi. At the beginning, player i follows the transducer

Tη that generates the action pro�le run η. �e strategy adheres to it until a unilateral deviation

from player j occurs, here represented at the k-th step of the play. Once the deviation has

occurred, and the game entered a state s′, player i starts executing the strategy σpunj
i , to employ

the punishment strategy against player j.

strategy ~σi that is a punishment against player i in every state s ∈ Puni(GPAR).379

As described in [8], in any (in�nite) run sustained by a Nash equilibrium ~σ in380

deterministic and pure strategies, that is, in π(~σ), it is the case that all players that381

do not get their goals achieved in π(~σ) can deviate from such a (Nash equilibrium)382

run only to states where they can be punished by the coalition consisting of all other383

players in the game. To formalise this idea in the present se�ing, we need one more384

concept about punishments, de�ned next.385

De�nition 6. An action pro�le run η = ~a0,~a1, . . . ∈ ~Ac
ω

is punishing-secure in s for386

player j if, for all k ∈ N and a′j , we have tr(πj , ((~ak)−j , a′j)) ∈ Punj(GPAR), where387

π is the only play in GPAR starting from s and generated by η.388

Using the above de�nition, we can characterise the set of Nash equilibria of a389

given game. Since strategies are formalised as transducers, i.e., as �nite state machines390

with output, such Nash equilibria strategy pro�les produce runs which are ultimately391

periodic, that is, runs which are the concatenation of a �nite pre�x with an in�nite392

su�x consisting of a �nite sequence that repeats itself in�nitely o�en. Moreover,393

since in every run π there are players who get their goals achieved in π (and therefore394

do not have an incentive to deviate from π) and players who do not get their goals395

achieve in π (and therefore may have an incentive to deviate from π), we will also396

want to explicitly refer to such players. To do that, the following notation will be397

useful: Let W (GPAR, ~σ) = {i ∈ N : GPAR, ~σ |= αi} denote the set of player that get398

their goals achieved in π(~σ), also wri�en as W (GPAR, π) if π |= αi for some i and399
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path π in GPAR.400

�eorem 3 (Nash equilibrium characterisation). For a Parity game GPAR, there is a401

Nash Equilibrium strategy pro�le ~σ ∈ NE(GPAR) if and only if there is an ultimately402

periodic action pro�le run η such that, for every player j ∈ L = N \W (GPAR, π), the403

run η is punishing-secure for j in state s0, where π is the unique path generated by η404

from s0.405

Proof. �e proof is by double implication. From le� to right, let ~σ ∈ NE(GPAR) and406

η be the ultimately periodic sequence of action pro�les generated by ~σ. Moreover,407

assume for a contradiction that η is not punishing-secure for some j ∈ L. By the408

de�nition of punishment-secure, there is k ∈ N and action a′j ∈ Acj for player j409

such that s′ = tr(πk, ((~ak)−j , a′j) /∈ Punj(GPAR). Now, consider the strategy σ′j that410

follows η up to the (k−1)-th step, executes action a′j on step k to get into state s′, and411

applies a strategy that achieves αj from that point onwards. Note that such a strategy412

is guaranteed to exist since s′ /∈ Punj(GPAR). �erefore, GPAR, (~σ−j , σ′j) |= αj413

and so σ′j is a bene�cial deviation for player j, a contradiction to ~σ being a Nash414

equilibrium.415

From right to le�, we need to de�ne a Nash equilibrium ~σ assuming only the416

existence of η. First, recall that η can be generated by a �nite transducer Tη =417

(Qη, q
0
η, δη, τη) where δη : Qη → Qη and τη : Qη → ~Ac. Moreover, for every418

player i and deviating player j, with i 6= j, there is a (memoryless) strategy σpunji to419

punish player j in every state in Punj(GPAR). By suitably combining the transducer420

with the punishment strategies, we de�ne the following strategy σi = (Qi, q
0
i , δi, τi)421

for player i where422

• Qi = St×Qη × (L ∪ {>}) and q0i = (s0, q0η,>);423

• δi = Qi × ~Ac→ Qi is such that424

– δi((s, q,>),~a) = (tr(s,~a), δη(q),>), if a = τη(q), and425

– δi((s, q,>),~a) = (tr(s,~a), δη(q), j), if both426

a−j = (τη(q))−j and ~aj 6= (τη(q))j ;427
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• τi : Qi → Aci is such that428

– τi(s, q,>) = (τη(q))i, and429

– τi(s, q, j) = σpunji (s).430

To understand how strategy σi works, observe that its set of internal states is given431

by the following triple. �e �rst component is a state of the game, remembering432

the position of the execution. �e second component is a state of the transducer433

Tη , which is used to employ the execution of the action pro�le run η. �e third434

component is either the symbol >, used to �ag that no deviation has occurred, or the435

name of a losing player j, used to remember that such a player has deviated from η.436

At the beginning of the play, strategy σi starts executing the actions prescribed by437

the transducer Tη . It sticks to it until some losing player j performs a deviation. In438

such a case, the third component of the internal state of σi switches to remember the439

deviating player. Moreover, from that point on, it starts executing the punishment440

strategy σpunji . Now, de�ne σ to be the collection of all σi. It remains to prove that ~σ441

is a Nash Equilibrium.442

First, observe that since~σ produces exactly η, we haveW (GPAR, ~σ) = W (GPAR, η),443

that is, the players that get their goals achieved in π(~σ) and η are the same. �us, only444

players in L could have a bene�cial deviation. Now, consider a player j ∈ L and a445

strategy σ′j and let k ∈ N be the minimum (�rst) step where σ′j produces an outcome446

that di�ers from σj when executed along with ~σ−j . �us, we have πh = π′h for all447

h ≤ k and πk+1 6= π′k+1. Hence π′k+1 = tr(π′k, (ηk)−j , a′j) = tr(πk, (ηk)−j , a′j) ∈448

Punj(GPAR) and GPAR, (~σ−j , σ′j) 6|= αj , since σ−j is a punishment strategy from449

π′k+1. �us, there is no bene�cial deviation for j and ~σ is a Nash equilibrium.450

6. Computing Nash Equilibria451

�eorem 3 allows us to reduce the problem of �nding a Nash equilibrium to �nding452

a path in the game satisfying certain properties, which we will show how to check453

using DPW and DSW automata. To do this, let us �x a given set W ⊆ N of players454

in a given game GPAR, which are assumed to get their goals achieved. Now, due to455

21



�eorem 3, we have that an action pro�le run η corresponds to a Nash equilibrium456

with W being the set of “winners” in the game if, and only if, the following two457

properties are satis�ed:458

• η is punishment-secure for j in s0, for all j ∈ L = N \W ;459

• GPAR, π |= αi, for every i ∈W ;460

where π is, as usual, the path generated by η from s0.461

To check the existence of such η, we have to check these two properties. First,462

note that, for η to be punishment-secure for every losing player j ∈ L, the game463

has to remain in the punishment region of each j. �is means that an acceptable464

action pro�le run needs to generate a path that is, at every step, contained in the465

intersection
⋂
j∈L Punj(GPAR). �us, to �nd a Nash equilibrium, we can remove all466

states not in such an intersection. We also need to remove some edges from the game.467

Indeed, consider a state s and a partial action pro�le ~a−j . It might be the case that468

tr(s, (~a−j , a′j)) /∈ Punj(GPAR), for some a′j ∈ Acj . �erefore, an action pro�le run469

that executes the partial pro�le ~a−j over s cannot be punishment-secure, and so all470

edges from s, labelled ~a−j , can also be removed. A�er doing this for every j ∈ L,471

we obtain G−LPAR, the game resulting from GPAR a�er the removal of the states and472

edges just described. As a consequence, G−LPAR has all and only the paths that can be473

generated by an action pro�le run that is punishment-secure for every j ∈ L.474

�e only thing that remains to be done is to check whether there exists a path475

in G−LPAR that satis�es all players in W . To do this, we use DPW and DSW automata.476

Since players goals are parity conditions, a path satisfying player i is an accepting run477

of the (one-le�er) DPW Ai where the set of states and transitions are exactly those478

of G−LPAR and the acceptance condition is given by αi. �en, in order to �nd a path479

satisfying the goals of all players in W , we can solve the emptiness problem of the480

automaton intersection×i∈W Ai. To do this, we can see eachAi as a DSW Si in the481

usual way (parity conditions are a special case of Stree� [20]). Since Stree� automata482

are closed under conjunctions of Stree� conditions,×i∈W Ai translates to a DSW483

automaton that can be solved in polynomial time [20]. Finally, as we �xed W at the484

beginning, all we need to do is to use the procedure just described for each W ⊆ N,485
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if needed (see Algorithm 1), obtaining an optimal decision procedure that has only486

exponential time and polynomial space complexity in |N|, the number of agents in487

the system.6488

7. Synthesis and Veri�cation489

We now show how to solve the synthesis and veri�cation problems using Non-490

Emptiness. For synthesis, the solution is already contained in the proof of �eorem 3,491

so we only need to spell it out here. Note that, in the computation of punishing re-492

gions, the algorithm builds, for every player i and potential deviator j, a (memoryless)493

strategy that player i can play in the collective strategy pro�le ~σ−j in order to punish494

player j, should player j wishes to deviate. If a Nash equilibrium exists, the algo-495

rithm also computes a (ultimately periodic) witness of it, that is, a computation π496

in G, that, in particular, satis�es the goals of players in W . At this point, using this497

information, we are able to de�ne a strategy σi for each player i ∈ N in the game498

(i.e., including those not in W ), as follows: while no deviation occurs, play the action499

that contributes to generate π, and if a deviation of player j occurs, then play the500

(memoryless) strategy σpunji that is de�ned in the game to punish player j in case j501

were to deviate. Notice, in addition, that because of Lemma 1 and �eorem 1, every502

strategy for player i in the game with parity goals is also a valid strategy for player i503

in the game with LTL goals, and that such a strategy, being bisimulation-invariant, is504

also a strategy for every possible bisimilar representation of player i. In this way, our505

technique can also solve the synthesis problem for every player, that is, can compute506

individual bisimulation-invariant strategies for every player (system component) in507

the original multi-player game (concurrent system).508

For veri�cation, one can use a reduction of the following two problems, called509

E-Nash and A-Nash in [13, 30, 2], to Non-Emptiness.510

Given: Game GLTL, LTL formula ϕ.511

6Some previous techniques, e.g. [29], to the computation of pure Nash equilibria are not optimal as they

have exponential space complexity in the number of players |N|.
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E/A-Nash: Is it the case that π(~σ) |= ϕ, for some/all ~σ ∈ NE(GLTL) ?512

Because we are working on a bisimulation-invariant se�ing, we can ensure some-513

thing even stronger: that for any two games GLTL and G′LTL, whose underlying CMGSs514

areM andM′, respectively, we know that ifM is bisimilar toM′, then (GLTL, ϕ) ∈515

E-Nash if and only if (G′LTL, ϕ) ∈ E-Nash, for all LTL formulae ϕ; and, similarly for516

A-Nash, as desired.517

In order to solve E-Nash and A-Nash via Non-Emptiness, one could use the518

following result, whose proof is a simple adaptation of the same result for iterated519

Boolean games [13] and for multi-player games with LTL goals modelled using SRML [2],520

which was �rst presented in [31].521

Lemma 2. Let G be a game and ϕ be an LTL formula. �ere is a game H of constant522

size in G, such that NE(H) 6= ∅ if and only if ∃~σ ∈ NE(G). π(~σ) |= ϕ .523

However, since we have Algorithm 1 at our disposal, an easier—and more direct—524

solution can be obtained. To solve E-Nash we can modify line 12 of Algorithm 1 to525

include the restriction that such an algorithm, which now receives ϕ as a parameter,526

returns “Yes” in line 13 if and only if ϕ is satis�ed in the Nash equilibrium run that is527

found as a witness. �e new line 12 is “if L(×i∈W (Si) × Sϕ) 6= ∅ then”, where Sϕ528

is the DSW automaton representing ϕ. All complexities remain the same; the modi-529

�ed algorithm for E-Nash is denoted as Algorithm 1’. We can then use Algorithm 1’530

to solve A-Nash, also as described in [31]: essentially, we can check whether Algo-531

rithm 1’(GLTL,¬ϕ) returns “No” in line 16. If it does, then no Nash equilibrium of GLTL532

satis�es ¬ϕ, either because no Nash equilibrium exists at all (thus, A-Nash is vacu-533

ously true) or because all Nash equilibria of GLTL satisfy ϕ, then solving A-Nash pos-534

itively. Note that in this case, since A-Nash is solved positively when the algorithm535

returns “No” in line 16, then no speci�c Nash equilibrium strategy pro�le is synthe-536

sised, as expected. However, if the algorithm returns “Yes”, the case when (GLTL, ϕ)537

is not an instance of A-Nash, then a strategy pro�le is synthesised from Algorithm 1’538

which corresponds to a counter-example for (GLTL, ϕ) ∈ A-Nash. It should be easy539

to see that implementing Algorithm 1’ is straightforward from Algorithm 1. Also, as540
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already known, it is also easy to see that Algorithm 1’ solves Non-Emptiness if and541

only if (GLTL,>) ∈ E-Nash.542

8. Implementation543

We have implemented the decision procedures presented in this paper. Our im-544

plementation uses SRML [22] as a modelling language. SRML is based on the Reac-545

tive Modules language [24] which is used in a number of veri�cation tools, including546

PRISM [26] and MOCHA [25]. �e tool that implements our algorithms is called EVE547

(for Equilibrium Veri�cation Environment) [21]. EVE is the �rst and only tool able548

to analyse the linear temporal logic properties that hold in equilibrium in a concur-549

rent, reactive, and multi-agent system within a bisimulation-invariant framework. It550

is also the only tool that supports all of the following combined features: a high-level551

description language using SRML, general-sum multi-player games with LTL goals,552

bisimulation-invariant strategies, and perfect recall. It is also the only tool for Nash553

equilibrium analysis that relies on a procedure based on the solution of parity games,554

which has allowed us to solve the (rational) synthesis problem for individual play-555

ers in the system using very powerful techniques originally developed to solve the556

synthesis problem from (linear-time) temporal logic speci�cations.557

To the best of our knowledge, there are only two other tools that can be used558

to reason about temporal logic equilibrium properties of concurrent/multi-agent sys-559

tems: PRALINE [32] and MCMAS [33, 34].560

PRALINE allows one to compute a Nash equilibrium in a game played in a con-561

current game structure [32]. �e underlying technique uses alternating Büchi au-562

tomata and relies on the solution of a two-player zero-sum game called the ‘suspect563

game’ [29]. PRALINE can be used to analyse games with di�erent kinds of players564

goals (e.g., reachability, safety, and others), but does not permit LTL goals, and does565

not compute bisimulation-invariant strategies.566

MCMAS is a model checking tool for multi-agent systems [35]. Since it can be567

used to model check Strategy Logic (SL [10]) formulae [34], and SL can express the568

existence of a Nash equilibrium, one can model a multi-agent system in MCMAS and569
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check for the existence of a Nash equilibrium in such a system using SL. However,MC-570

MAS only supports SL with memoryless strategies (while our implementation does571

not have this restriction) and, as PRALINE, does not compute bisimulation-invariant572

strategies either.573

From the many di�erences between PRALINE, MCMAS, and EVE (and their asso-574

ciated underlying reasoning and veri�cation techniques), one of the most important575

ones is bisimulation-invariance, a feature needed to be able to do veri�cation and syn-576

thesis, e.g., when using symbolic methods with OBDDs or some model-minimisation577

techniques. Not being bisimulation-invariant also means that in some cases PRALINE,578

MCMAS, and EVE would deliver completely di�erent answers. For instance, unlike579

EVE, with PRALINE and MCMAS it may be the case that for two bisimilar systems580

PRALINE and MCMAS would compute a Nash equilibrium in one of them and none581

in the other. A particular instance is the “motivating example” in [9]. Since the two582

systems there are bisimilar, EVE is able to compute a bisimulation-invariant Nash583

equilibrium in both systems, while PRALINE and MCMAS cannot. �e experiment584

supporting this claim is reported in Section 8.4 along with the performance results.585

Indeed, even in cases where all tools are able to compute a Nash equilibrium, EVE586

outperforms the other two tools as the size of the input system grows, despite the fact587

that the model of strategies we use in our procedure is richer in the sense that it takes588

into account more information of the underlying game.7589

8.1. Tool Description590

Modelling Language. Systems in EVE are speci�ed with the Simple Reactive Modules591

Language (SRML [22]), that can be used to model non-deterministic systems. Each592

system component (agent/player) in SRML is represented as a module, which con-593

sists of an interface that de�nes the name of the module and lists a non-empty set of594

Boolean variables controlled by the module, and a set of guarded commands, which de-595

�ne the choices available to the module at each state. �ere are two kinds of guarded596

7As mentioned before, not all games can be tested in all tools since, for instance, PRALINE does not

support LTL objectives, but only goals expressed directly as Büchi conditions.
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commands: init, used for initialising the variables, and update, used for updating597

variables subsequently.598

A guarded command has two parts: a “condition” part (the “guard”) and an “ac-599

tion” part. �e “guard” determines whether a guarded command can be executed or600

not given the current state, while the “action” part de�nes how to update the value601

of (some of) the variables controlled by a corresponding module. Intuitively, ϕ ; α602

can be read as “if the condition ϕ is satis�ed, then one of the choices available to the603

module is to execute α”. Note that the value of ϕ being true does not guarantee the604

execution of α, but only that it is enabled for execution, and thus may be chosen. If605

no guarded command of a module is enabled in some state, then that module has no606

choice and the values of the variables controlled by it remain unchanged in the next607

state.608

Formally, a guarded command g over a set of variables Φ is an expression

g : ϕ; x′1 := ψ1; . . . ;x′k := ψk

where the guard ϕ is a propositional logic formula over Φ, each xi is a member of

Φ and ψi is a propositional logic formula over Φ. Let guard(g) denote the guard of

g, thus, in the above rule, we have guard(g) = ϕ. It is required that no variable xi
appears on the le� hand side of more than one assignment statements in the same

guarded command, hence no issue on the (potentially) con�icting updates arises. �e

variables x1, . . . , xk are controlled variables in g and we denote this set by ctr(g). If

no guarded command of a module is enabled, then the values of all variables in ctr(g)

are unchanged. A set of guarded commands is said to be disjoint if their controlled

variables are mutually disjoint. To make it clearer, here is an example of a guarded

command:

(p ∧ q)︸ ︷︷ ︸
guard

; p′ := >; q′ := ⊥︸ ︷︷ ︸
action

�e guard is the propositional logic formula (p∧ q), so this guarded command will be609

enabled if both p and q are true. If the guarded command is chosen (to be executed),610

then in the next time-step, variable p will be assigned true and variable q will be611

assigned false.612
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module toggle controls x

init

:: >; x′ := >;

:: >; x′ := ⊥;

update

:: ¬x; x′ := >;

:: x; x′ := ⊥;

Figure 3: Example of module toggle in SRML.

Formally, an SRML module mi is de�ned as a triple mi = (Φi, Ii, Ui), where613

Φi ⊆ Φ is the �nite set of Boolean variables controlled by mi, Ii a �nite set of init614

guarded commands, such that for all g ∈ Ii, we have ctr(g) ⊆ Φi, and Ui a �nite set615

of update guarded commands, such that for all g ∈ Ui, we have ctr(g) ⊆ Φi. Figure616

3 shows a module named toggle that controls a Boolean variable named x. �ere are617

two init guarded commands and two update guarded commands. �e init guarded618

commands de�ne two choices for the initialisation of variable x: true or false. �e �rst619

update guarded command says that if x has the value of true, then the corresponding620

choice is to assign it to false, while the second command says that if x has the value of621

false, then it can be assigned to true. Intuitively, the module would choose (in a non-622

deterministic manner) an initial value for x, and then on subsequent rounds toggles623

this value. In this particular example, the init commands are non-deterministic, while624

the update commands are deterministic. We refer to [2] for further details on the625

semantics of SRML. In particular, in Figure 12 of [2], we detail how to build a Kripke626

structure that models the behaviour of an SRML system. In addition, we associate627

each module with a goal, which is speci�ed as an LTL formula.628

Automated Temporal Equilibrium Analysis. Once a multi-agent system is mod-629

elled in SRML, it can be seen as a multi-player game in which players (the modules)630

use strategies to resolve the non-deterministic choices in the system. EVE uses Algo-631

rithm 1 to solve Non-Emptiness. �e main idea behind this algorithm is illustrated632
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Figure 4: High-level work�ow of EVE.

in Figure 4.633

EVE was developed in Python and available online from [36]. EVE takes as input634

a concurrent and multi-agent system described in SRML code, with player goals and635

a property ϕ to be checked speci�ed in LTL. For Non-Emptiness, EVE returns “YES”636

(along with a set of winning players W ) if the set of Nash equilibria in the system is637

not empty, and returns “NO” otherwise. For E-Nash (A-Nash), EVE returns “YES” if638

ϕ holds on some (every) Nash equilibrium of the system, and “NO” otherwise.639

8.2. Case Studies640

In this section, we present two examples from the literature of concurrent and641

distributed systems to illustrate the practical usage of EVE. Among other things, these642

two examples di�er in the way they are modelled as a concurrent game. While the643

�rst one is played in an arena implicitly given by the speci�cation of the players in the644

game (as done in [2]), the second one is played on a graph, e.g., as done in [37] with645

the use of concurrent game structures. Both of these models of games (modelling646

approaches) can be used within our tool. We will also use these two examples to647

evaluate EVE’s practical performance (and compare it against MCMAS and PRALINE)648

in Section 8.3.649

Gossip protocols. �ese are a class of networking and communication protocols that650

mimic the way social networks disseminate information. �ey have been used to651
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Figure 5: Gossip framework structure.

module RM1 controls s1

init

:: true ∼> s1’:=true;

update

:: s1 ∼> s1’:=false;

:: s1 ∼> s1’:=true;

:: !s1 and (!s2 or ... or !sn)

∼> s1’:=true;

goal

:: G F (!s1);

Figure 6: SRML machine readable code for mod-

ule RM1 as wri�en in EVE’s input code.

solve problems in many large-scale distributed systems, such as peer-to-peer and cloud652

computing systems. Ladin et al. [38] developed a framework to provide high avail-653

ability services via replication which is based on the gossip approach �rst introduced654

in [39, 40]. �e main feature of this framework is the use of replica managers (RMs)655

which exchange “gossip” messages periodically in order to keep the data updated. �e656

architecture of such an approach is shown in Figure 5.657

We can model each RM as a module in SRML as follows: (1) When in servicing658

mode, an RM can choose either to keep in servicing mode or to switch to gossiping659

mode; (2) If it is in gossiping mode and there is at least another RM also in gossiping660

mode8, since the information during gossip exchange is of (small) bounded size, it661

goes back to servicing mode in the subsequent step. We then set the goal of each RM662

to be able to gossip in�nitely o�en. As shown in Figure 6, the module RM1 controls663

a variable: s1. Its value being true signi�es that RM1 is in servicing mode; other-664

wise, it is in gossiping mode. Behaviour (1) is re�ected in the �rst and second update665

commands, while behaviour (2) is re�ected in the third update command. �e goal of666

RM1 is speci�ed with the LTL formula GF ¬ s1, which expresses that RM1’s goal is667

to gossip in�nitely o�en: “always” (G) “eventually” (F) gossip (¬s1).668

Observe that with all RMs rationally pursuing their goals, they will adopt any669

strategy which induces a run where each RM can gossip (with at least one other RM)670

in�nitely o�en. In fact, this kind of game-like modelling gives rise to a powerful671

8�e core of the protocol involves (at least) pairwise interactions periodically.
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Figure 7: Gi�ord’s protocol modelled as a game.

characteristic: on all runs that are sustained by a Nash equilibrium, the distributed672

system is guaranteed to have two crucial non-starvation/liveness properties: RMs can673

gossip in�nitely o�en and clients can be served in�nitely o�en. Indeed, these prop-674

erties are veri�ed in the experiments; with E-Nash: no Nash equilibrium sustains “all675

RMs forever gossiping”; and with A-Nash: in all Nash equilibria at least one of the676

RM is in servicing mode in�nitely o�en. We also notice that each RM is modelled as677

a non-deterministic open system: non-determinism is used in the �rst two updated678

commands, as they have the same guard s1 and therefore will be both enabled at the679

same time; and the system is open since each module’s state space and choices depend680

on the states of other modules, as re�ected by the third updated command.681

Replica Control Protocol. Consensus is a key issue in distributed computing and multi-682

agent systems. An important application domain is in maintaining data consistency.683

Gi�ord [41] proposed a quorum-based voting protocol to ensure data consistency by684

not allowing more than one processes to read/write a data item concurrently. To do685

this, each copy of a replicated item is assigned a vote.686

We can model a (modi�ed version of) Gi�ord’s protocol as a game as follows. �e687

set of players N = {1, . . . , n} in the game is arranged in a request queue represented688

by the sequence of states q1, . . . , qn, where qi means that player i is requesting to689

read/write the data item. At state qi, other players in N\{i} then can vote whether690

to allow player i to read/write. If the majority of players in N vote “yes”, then the691

transition goes to q0, i.e., player i is allowed to read/write, and otherwise it goes to692
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qi+1
9. �e voting process then restarts from q1. �e protocol’s structure is shown in693

Figure 7. Notice that at the last state, qn, there is only one outgoing arrow to q0. As694

in the previous example, the goal of each player i is to visit q0 right a�er qi in�nitely695

o�en, so that the desired behaviour of the system is sustained on all Nash equilibria of696

the system: a data item is not concurrently accessed by two di�erent processes and the697

data is updated in every round. �e associated temporal properties are automatically698

veri�ed in the experiments in Section 8.3. Speci�cally, the temporal properties we699

check are as follows. With E-Nash: there is no Nash equlibrium in which the data700

is never updated; and, with A-Nash: on all Nash equilibria, each player is allowed to701

request read/write in�nitely o�en. Also, in this example, we de�ne a module, called702

“Environment”, which is used to represent the underlying concurrent game structure,703

shown in Figure 7, where the game is played.704

8.3. Experiment I705

In order to evaluate the practical performance of our tool and approach (against706

MCMAS and PRALINE), we present results on the temporal equilibrium analysis for707

the examples in Section 8.2. We ran the tools on the two examples with di�erent708

numbers of players (“P”), states (“S”), and edges (“E”). �e experiments were obtained709

on a PC with Intel i5-4690S CPU 3.20 GHz machine with 8 GB of RAM running Linux710

kernel version 4.12.14-300.fc26.x86 64. We report the running time10 for solving Non-711

Emptiness (“ν”), E-Nash (“ε”), and A-Nash (“α”). For the last two problems, since712

there is no direct support in PRALINE and MCMAS, we used the reduction of E/A-713

Nash to Non-Emptiness presented in [31]. Time-out (“TO”) was �xed to be 7200714

seconds.715

From the experiment results shown in Table 1 and 2, we observe that, in general,716

EVE has the best performance, followed by PRALINE and MCMAS. Although PRA-717

LINE performed be�er than MCMAS, both struggled (timed-out) with inputs with718

more than 100 edges, while EVE could handle up to 6000 edges (for Non-Emptiness).719

9We assume arithmetic modulo (|N|+ 1) in this example.
10To carry out a fairer comparison (since PRALINE does not accept LTL goals), we added to PRALINE’s

running time the time needed to convert LTL games into its input.
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Table 1: Gossip Protocol experiment results.

P S E
EVE PRALINE MCMAS

ν (s) ε (s) α (s) ν (s) ε (s) α (s) ν (s) ε (s) α (s)

2 4 9 0.02 0.24 0.08 0.02 1.71 1.73 0.01 0.01 0.01

3 8 27 0.09 0.43 0.26 0.33 26.74 27.85 0.02 0.06 0.06

4 16 81 0.42 3.51 1.41 0.76 547.97 548.82 760.65 3257.56 3272.57

5 32 243 2.30 35.80 25.77 10.06 TO TO TO TO TO

6 64 729 16.63 633.68 336.42 255.02 TO TO TO TO TO

7 128 2187 203.05 TO TO 5156.48 TO TO TO TO TO

8 256 6561 4697.49 TO TO TO TO TO TO TO TO

Table 2: Replica control experiment results.

P S E
EVE PRALINE MCMAS

ν (s) ε (s) α (s) ν (s) ε (s) α (s) ν (s) ε (s) α (s)

2 3 8 0.04 0.11 0.10 0.05 0.64 0.74 0.01 0.01 0.02

3 4 20 0.11 1.53 0.22 0.12 4.96 5.46 0.02 0.06 0.11

4 5 48 0.34 1.73 0.68 0.56 65.50 67.45 1.99 4.15 11.28

5 6 112 1.43 2.66 2.91 6.86 1546.90 1554.80 1728.73 6590.53 TO

6 7 256 5.87 13.69 16.03 94.39 TO TO TO TO TO

7 8 576 32.84 76.50 102.12 2159.88 TO TO TO TO TO

8 9 1280 166.60 485.99 746.55 TO TO TO TO TO TO

8.4. Experiment II720

�is experiment is taken from the motivating examples in [9]. In this experiment,721

unlike in previous ones, EVE manages to compute a Nash equilibrium in bisimulation-722

invariant strategies, while PRALINE and MCMAS do not. In this experiment, we723

extended the number of states by adding more layers to the game structures used724

there in order to test the practical performance of EVE, MCMAS, and PRALINE. �e725
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experiments were performed on a PC with Intel i7-4702MQ CPU 2.20GHz machine726

with 12GB of RAM running Linux kernel version 4.14.16-300.fc26.x86 64. We divided727

the test cases based on the number of Kripke states and edges; then, for each case, we728

report (i) the total running time11 (“time”) and (ii) whether the tools �nd any Nash729

equilibria (“NE”).730

Table 3 shows the results of the experiments on the example in which the model731

of strategies that depends only on the run (sequence of states) of the game (called run-732

based strategies in [9]) cannot sustain any Nash equilibria, a model of strategies that is733

not invariant under bisimilarity. Indeed, since MCMAS and PRALINE use this model734

of strategies, both did not �nd any Nash equilibria in the game, as shown in Table 3.735

EVE, which uses a model of strategies that not only depends on the run of the game736

but also on the actions of players (a bisimulation-invariant model of strategies called737

computation-based in [9]), found a Nash equilibrium in the game. We can also see that738

EVE outperformed MCMAS on games with 14 or more states. In fact, MCMAS timed-739

out12 on games with 17 states or more, while EVE kept working e�ciently for games740

of bigger size. We can also observe that PRALINE performed almost as e�ciently741

as EVE in this experiment, although EVE performed be�er in both small and large742

instances of these games.743

In Table 4, we used the example in which Nash equilibria is sustained in run-744

based strategies. As shown in the table, MCMAS found Nash equilibria in games with745

6 and 9 states. However, since MCMAS uses imperfect recall, when the third layer746

was added (case with 12 states in Table 4) to the game, it could not �nd any Nash747

equilibria. Regarding running times, EVE outperformed MCMAS from the game with748

12 states and beyond, where MCMAS timed-out on games with 15 or more states.749

As for PRALINE, it performed comparably to EVE in this experiment, but again, EVE750

performed be�er in all instances.751

11Similarly to Experiment I (Section 8.3), we added to PRALINE’s running time the time needed to convert

LTL games into its input to carry out a fairer comparison.
12We �xed the time-out value to be 3600 seconds (1 hour).
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Table 3: Example with no Nash equilibrium.

states edges
MCMAS EVE PRALINE

time (s) NE time (s) NE time (s) NE

5 80 0.04 No 0.75 Yes 0.77 No

8 128 0.24 No 2.99 Yes 2.06 No

11 176 6.28 No 3.86 Yes 4.42 No

14 224 273.14 No 7.46 Yes 8.53 No

17 272 TO – 13.31 Yes 15.33 No
...

...
...

...
...

...
...

...

50 800 TO – 655.80 Yes 789.77 No

Table 4: Example with Nash equilibria

states edges
MCMAS EVE PRALINE

time (s) NE time (s) NE time (s) NE

6 96 0.02 Yes 1.09 Yes 1.19 Yes

9 144 0.77 Yes 3.36 Yes 3.76 Yes

12 192 65.31 No 7.45 Yes 8.89 Yes

15 240 TO – 15.52 Yes 17.72 Yes

18 288 TO – 30.06 Yes 30.53 Yes
...

...
...

...
...

...
...

...

51 816 TO – 1314.47 Yes 1563.79 Yes

8.5. Experiment III752

In this experiment, we have two agents inhabiting a grid world with dimensions753

n × n. Initially, the agents are located at opposing corners of the grid; speci�cally,754

agent 1 is located at the top-le� corner (coordinate (0, 0)) and agent 2 at the bo�om-755

right corner (n − 1, n − 1). �e agents are each able to move around the grid in756

directions north, south, east, and west. �e goal of each agent is to reach the opposite757
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Figure 8: Example of a 4× 4 grid world.

corner, that is, agent 1’s goal is to reach position (n−1, n−1), and agent 2’s goal is to758

reach position (0, 0). A number of obstacles are also placed (uniformly) randomly on759

the grid. �e agents are not allowed to move into a coordinate occupied by an obstacle,760

the other agent, or outside the grid world. We used a binary encoding to represent761

the spatial information of the grid world which includes the grid coordinates, as well762

as the obstacles and the agents locations.763

To make it clearer, consider the example shown in Figure 8; a (grey) �lled square764

depicts an obstacle. Agent 1, depicted by �, can move north to (2, 0), south to (2, 2),765

east to (3, 1), and west to (1, 1). Whereas agent 2, depicted by ©, can only move766

north to (0, 1) and south to (0, 3) (she cannot move west because it is outside the767

world, nor east because there is an obstacle.)768

In this experiment we make the following assumptions: (1) at each timestep, each769

agent can move at most one step; (2) at each timestep, each agent has to make a move,770

that is, she cannot stay at the same position for two consecutive timesteps; (3) the goal771

of each agent is, as stated previously, to eventually reach the opposite corner of her772

initial position. Furthermore, for E-Nash, the property to be checked is “two agents773

never occupying the same coordinate at the same time”, in other words, two agents774

never crash into each other.775

�e experiment was obtained on a PC with Intel i5-4690S CPU 3.20 GHz machine776

with 8 GB of RAM running Linux kernel version 4.12.14-300.fc26.x86 64. We varied777

the size of the grid world (“size”) from 3 × 3 to 10 × 10, each with a �xed num-778
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Table 5: Grid world experiment results.

Size # Obs KS KE GS

3 3 15(13, 18) 44(32, 72) 60(53, 73)

4 6 40(32, 52) 150(98, 200) 156(121, 209)

5 10 94(61, 125) 398(242, 512) 376(453, 741)

6 15 155(113, 185) 655(450, 800) 619(453, 741)

7 21 228(181, 290) 994(800, 1250) 909(725, 1161)

8 28 491(394, 666) 2297(1922, 2888) 1963(1577, 2665)

9 36 564(269, 765) 2687(1352, 3698) 2256(1077, 3061)

10 45 916(730, 1258) 4780(3528, 6498) 3657(2921, 5033)

Size GE ν (s) ε (s)

3 173(129, 289) 0.44(0.19, 1.14) 1.21(0.5, 2.63)

4 595(379, 801) 0.98(0.63, 1.16) 1.57(1.01, 2.24)

5 1591(969, 2049) 4.73(2.62, 6.22) 22.51(18.22, 26.25)

6 2622(1801, 3201) 9.53(7.13, 11.49) 32.32(26.05, 37.35)

7 3969(3161, 5001) 17.69(13.81, 21.58) 48.90(39.70, 59.50)

8 9190(7689, 11553) 50.91(38.38, 72.49) 121.33(95.03, 167.25)

9 10748(5409, 14793) 100.94(45.81, 137.91) 6002.80(5477.63, 6374.26)

10 19102(14113, 25993) 211.30(152.74, 311.43) 6871.16(6340.64, 7650.87)

ber of obstacles (“# Obs”), randomly distributed on the grid. We report the number779

Kripke states (“KS”), Kripke edges (“KE”), GPAR states (“GS”), GPAR edges (“GE”),780

Non-Emptiness execution time (“ν”), and E-Nash execution time (“ε”). We ran the781

experiment for �ve replications, and report the average (ave), minimum (min), and782

maximum (max) times from the replications. �e results are reported in Table 5, with783

the following format: ave(min,max).784

From the experiment results, we see that EVE works well for Non-Emptiness up785
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Figure 9: Plots from Table 5. Y-axis is in logarithmic scale.

until size 10. From the plots in Figure 9, we can clearly see that the values of each786

variable, except for ε, grow exponentially. For ε (E-Nash), however, it seems to grow787

faster than the rest. Speci�cally, it is clearly visible in transitions between numbers788

that have di�erent size of bit representation, i.e., 4 to 5 and 8 to 913. �ese jumps789

correspond to the time used to build deterministic parity automata on words from790

LTL properties to be checked in E-Nash, which is essentially, bit-for-bit comparisons791

between the position of agent 1 and 2.792

9. Concluding Remarks and Related Work793

Equilibrium Analysis in Multi-Agent Systems. �e veri�cation problem [42], as794

conventionally formulated, is concerned with checking that some property, usually795

de�ned using a modal or a temporal logic [43], holds on some or on every computation796

run of a system. In a game-theoretic se�ing, this can be a very strong requirement –797

and in some cases even inappropriate – since only some computations of the system798

will arise (be sustained) as the result of agents in the system choosing strategies in799

equilibrium, that is, due to strategic and rational play. �is has motivated an alterna-800

13Since the grid coordinate index starts at 0, the “actual” transitions are 3 to 4 and 7 to 8.
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tive approach, rational veri�cation [2, 30], for the analysis of multi-agent systems. In801

rational veri�cation, we ask if a given temporal property holds on some or every com-802

putation run that can be sustained by agents choosing Nash equilibrium strategies.803

Rational veri�cation can be reduced to the Non-Emptiness problem, as stated in this804

paper; cf., [31]. As a consequence, along with the polynomial transformations in [31],805

our results provide a complete framework (theory, algorithms, and implementation)806

for automated temporal equilibrium analysis, speci�cally, to do rational synthesis and807

formal veri�cation of logic-based multi-agent systems. �e framework, in particu-808

lar, provides a concrete and algorithmic solution to the rational synthesis problem as809

studied in [12], where the Boolean case was given an interesting automata-theoretic810

solution via (an extension of) Strategy Logic [14].811

Automata and logic. In computer science, a common technique to reason about812

Nash equilibria in multi-player games is using alternating parity automata on in�nite813

trees (APTs [16]). �is approach is used to do rational synthesis [12, 44]; equilibrium814

checking and rational veri�cation [30, 13, 2]; and model checking of logics for strategic815

reasoning capable to specify the existence of a Nash equilibrium in concurrent game816

structures [37], both in two-player games [14, 45] and in multi-player games [46, 10].817

In cases where players’ goals are simpler than general LTL formulae, e.g., for reacha-818

bility or safety goals, alternating Büchi automata can be used instead [29]. Our tech-819

nique is di�erent from all these automata-based approaches, and in some cases more820

general, as it can be used to handle either a more complex model of strategies or a821

more complex type of goals, and delivers an immediate procedure to synthesise indi-822

vidual strategies for players in the game, while being amenable to implementation.823

Tools and algorithms. In theory, the kind of equilibrium analysis that can be done824

usingMCMAS [33, 47, 48] and PRALINE [32, 29] rely on the automata-based approach.825

However, the algorithms that are actually implemented have a di�erent �avour. MC-826

MAS uses a procedure for SL which works as a labelling algorithm since it only consid-827

ers memoryless strategies [48]. On the other hand, PRALINE, which works for Büchi828

de�nable objectives, uses a procedure based on the ‘suspect game’ [29]. Despite some829

similarities between our construction and the suspect game, introduced in [29], the830
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two procedures are substantially di�erent. Unlike our procedure, the suspect game is831

a standard two-player zero-sum turn-based game H(G, π), constructed from a game832

G and a possible path π, in which one of the players (“Eve”) has a winning strategy833

if, and only if, π can be sustained by a Nash equilibrium in G. �e overall procedure834

in [29] relies on the construction of such a game, whose size (space complexity) is835

exponential in the number of agents [29, Section 4.3]. Instead, our procedure solves,836

independently, a collection of parity games that avoids an exponential use of space837

but may require to be executed exponentially many times. Key to the correctness of838

our approach is that we deal with parity conditions, which are pre�x-independent,839

ensuring that punishment strategies do not depend on the history of the game. Re-840

garding similarities, our procedure also checks for the existence of a path sustained841

by a Nash Equilibrium, but our algorithm does this for every subsetW ⊆ N of agents,842

if needed. Doing this (i.e., trading exponential space for exponential time), at every843

call of this subroutine, our algorithm avoids building an exponentially sized game,844

like H. On the other hand, from a practical point of view, avoiding the construc-845

tion of such an exponential sized game leads to be�er performance (running times),846

even in cases where no Nash equilibrium exists, when our subroutine is necessarily847

called exponentially many times. In addition to all of the above, neither the algorithm848

used for MCMAS nor the one used for PRALINE computes pure Nash equilibria in a849

bisimulation-invariant framework, as our procedure does. While MCMAS and PRA-850

LINE are the two closest tools to EVE, they are not the only available options to rea-851

son about games. For instance, PRISM-games [49], EAGLE [50], and UPPAAL [51] are852

other interesting tools to reason about games. PRISM-games allows one to do strat-853

egy synthesis for turn-based stochastic games as well as model checking for long-run,854

average, and ratio rewards properties. However, PRISM-games does not support any855

reasoning about equilibria. Contrarily, EAGLE is a tool speci�cally designed to rea-856

son about pure Nash equilibria in multi-player games. EAGLE considers games where857

goals are given as CTL formulae and allows one to check if a given strategy pro�le is a858

Nash equilibrium of a given multi-agent system. �is decision problem, called Mem-859

bership within the rational veri�cation framework [30], is, theoretically, simpler than860

Non-Emptiness: while the former can be solved in EXPTIME (for branching-time861
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goals expressed using CTL formulae [11]), the la�er is 2EXPTIME-complete for LTL862

goals, and even 2EXPTIME-hard for CTL goals and nondeterministic strategies [11].863

UPPAAL is another tool that can be used to analyse equilibrium behaviour in a sys-864

tem [52, 53]. However, UPPAAL di�ers from EVE is various critical ways: e.g., it works865

in a quantitative se�ing, uses statistical model checking, and most importantly, com-866

putes approximate Nash equilibria of a game.867

Parity games and bisimulation-invariance. Unlike other approaches to rational868

synthesis and temporal equilibrium analysis, e.g. [48, 29, 12, 2], we employ parity869

games [17], which are an intuitively simple veri�cation model with an abundant as-870

sociated set of algorithmic solutions [54]. In particular, strategies in our framework,871

as in [2], can depend on players’ actions, leading to a much richer game-theoretic872

se�ing where Nash equilibrium is invariant under bisimilarity [9], a desirable prop-873

erty for concurrent and reactive systems [4, 5, 6, 7]. Bisimulation invariance, in turn,874

enables the use of standard veri�cation techniques for temporal logics when reason-875

ing about (pure Nash) equilibria. Our reasoning and veri�cation approach applies to876

multi-player games that are concurrent and synchronous, with perfect recall and per-877

fect information, and which can be represented in a high-level, succinct manner using878

SRML [22].879

Main features of our framework. �e technique developed in this paper, and its880

associated implementation, considers games with LTL goals, deterministic and pure881

strategies, and dichotomous preferences. In particular, strategies in these games are882

assumed to be able to see all players’ actions, leading to a se�ing where Nash equi-883

librium is invariant under bisimilarity [9]. �is invariance property, in turn, en-884

ables the use of standard veri�cation techniques for temporal logics when reasoning885

about (Nash) equilibria. In addition, the games are concurrent and synchronous (at886

each round all players make their choices independently and at the same time), with887

perfect information, and represented using the Simple Reactive Modules Language888

(SRML [22]). We do not consider mixed or nondeterministic strategies, or goals given889

by branching-time formulae. We also do not allow for quantitative or probabilistic890

systems, e.g., such as stochastic games or similar game models. We note, however,891
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that some of these aspects of our reasoning framework have been placed to avoid un-892

desirable computational properties. For instance, it is known that checking for the893

existence of a Nash equilibrium in multi-player games like the ones we consider is an894

undecidable problem if either imperfect information or (various kinds of) quantita-895

tive/probabilistic information is allowed [15, 55].896

FutureWork. �is paper gives a solution to the temporal equilibrium problem (both897

automated synthesis and formal veri�cation) in a noncooperative se�ing. In future898

work, we plan to investigate the cooperative games se�ing [56]. �e paper also solves899

the problem in practice for perfect information games. We also plan to investigate if900

our main algorithms can be extended to decidable classes of imperfect information901

games, for instance, as those studied to model the behaviour of multi-agent systems902

in [15, 57, 58, 59]. Whenever possible, such studies will be complemented with practi-903

cal implementations in EVE. Finally, extensions to epistemic systems and quantitative904

information in the context of multi-agent systems may be another avenue for further905

applications [60, 61].906
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